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Abstract 

Superanalysis can be deformed with a fermionic star product into a Clifford calculus that is equivalent 
to geometric algebra. With this multivector formalism it is then possible to formulate Riemannian 
geometry and an inhomogeneous generalization of exterior calculus. Moreover it is shown here how 
symplectic and Poisson geometry fit in this context. The application of this formalism together with 
the bosonic star product formalism of deformation quantization leads then on space and space-time to a 
natural appearance of spin structures and on phase space to BRST structures that were found in the path 
integral formulation of classical mechanics. Furthermore it will be shown that Poincare and Lie-Poisson 
reduction can be formulated in this formalism. 



1 Introduction 

Geometric algebra was initiated by early ideas of Hamilton, Grassmann and Clifford. The basic idea of 
geometrical algebra goes back to Clifford, who combined the scalar and the wedge product of vectors into 
one product in order to generalize complex analysis to spaces of arbitrary dimensions. With this geometric 
or Clifford product it is then possible to build up a multivector formalism that contains the structures of 
vector analysis, complex analysis and of spin. The description of spin was the physical motivation to resume 
the program of Clifford calculus after the Gibbs-Heavyside vector tuple formalism became the standard 
formalism in physics. This was done by Hestenes QIIJ and independently also by Kahler who generalized 
the Clifford structures of Dirac theory to an inhomogeneous exterior calculus and to curved spaces. Since 
then geometric algebra was extended into a full formalism and applied to a wide range of physical questions 
(see for example 

In |S] it was noticed that geometric algebra can be formulated in the realm of superanalysis, where a close 
connection to pseudoclassical mechanics appeared. In the superanalytic formulation of geometric algebra it 
is then possible to see that the geometric product is a fermionic star product that deforms the Grassmann 
structure into a Clifford structure |7| . Such a fermionic star product appeared already in the founding paper 
of deformation quantization and was applied in ^ ll(J| for deformation quantization of pseudoclassical 
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mechanics and the formulation of spin and Dirac theory in the star product formahsm. In section two to six 
it will be described following how geometric algebra can be formulated as deformed superanalysis. The 

use of a fermionic star product has the advantage that geometric algebra can be unified with deformation 
quantization on a formal level. The structure of the resulting formalism is supersymmetric. For example one 
can describe rotations on the one hand with a bosonic star exponential that acts on the bosonic coefficients 
of a multivector and on the other hand with fermionic star exponentials, i.e. rotors, that act on the fermionic 
basis vectors of the multivector. A multivector is then invariant under a combination of such rotations, 
which leads to a new supersymmetric invariance condition. As shown in section seven the condition of such 
an invariance on space and space-time leads to a natural appearance of spin structures. 

In section eight the superanalytic formulation of geometric algebra will be applied to describe symplectic 
geometry and Hamiltonian dynamics |12| . Using a superanalytic formalism leads to the question if the 
fermionic degrees of freedom on the phase space play a physical role just as the fermionic structures of 
space and space-time constitute the spin. Moreover one can wonder if there is a supersymmetry in classical 
mechanics. Supersymmetric structures in classical mechanics were first noticed by Gozzi et al. in the path 
integral description of classical mechanics |13[ 1141 [T51 . The classical path integral is a path integral where 
all possible paths are constrained by a delta function to the classical path. The delta function can be 
written in terms of fermionic ghost degrees of freedom and the corresponding Lagrange function that leads 
to the reduction to the classical path as a gauge conditon was shown to be invariant under a BRST- and 
an anti-BRST-transformation. Furthermore it was shown that the fermionic ghosts could be interpreted as 
differential forms on the phase space |1(3|. Together with the star product formalism this was extended in 
|17| to a proposal for a differential calculus in quantum mechanics. It will be shown in section nine that 
these structures are the natural structures of geometric algebra that appear if one considers bosonic and 
fermionic time development on the phase space. 

In the last two sections Poisson geometry and phase space reduction will be discussed. It will be shown 
that geometric algebra leads in this purely classical problem to a very elegant formulation. Especially for 
the example of the rigid body one sees that the dynamics is transferred by a fermionic rotor transformation 
from the vector to the bivector level, which is the same idea that is applied in the Kustanheimo-Stiefel 
transformation |18j . 

2 Geometric Algebra and the Clifford Star Product 

The Grassmann calculus of superanalysis can be deformed with a fermionic star product into a Clifford 
calculus. This Clifford calculus is a multivector calculus that is equivalent to geometric algebra. In this 
superanalytic formulation of geometric algebra the supcrmimbers correspond to the multivectors and the 
fermionic star product corresponds to the geometric or Clifford product. If one considers for example a d- 
dimensional vector space with metric rjij , the basis vectors of this vector space are the Grassmann variables 
cTi, i — 1, . . . , d. A vector v = v^tTi is then a supernumber of Grassmann grade one and a general multivector 
A is a supernumber 

A = A° + A'rr, + ^^A'^--cT,,a,, + ... + 1a'^--^ct,^ct,, ...rr,^. (2.1) 

The multivector A is called r- vector if the highest appearing Grassmann grade is r, i.e. \i A= {A)q + {A)i + 
. . . + {A)r, where ( )„ projects onto the term of Grassmann grade n. A multivector v4(^) is homogeneous or 
an r-blade if all appearing terms have the same grade, i.e. if — (^(r))?-. 
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On the above vector space one can then define the CHfford star product 

a" "a 



A *c B = A exp 



dcTi dcTj 



B. 



(2.2) 



As a star product the CHfford star product acts in a distributive and associative manner. The CHfford star 
product of two basis vectors is (Ti*c<^j = rjij+cricrj and with the metric one has further CTj^cf-' = ^l+aicr^ 
and cr' *c cr^ = r?'-' + cr'cr^. For two homogeneous multivectors A^j.) and B(^s) the CHfford star product is 
the sum 

^(r) *c -B(s) = *c -B(s))r+s + (^(r) *c -B(s))r+s-2 H h (^(r) *c -B(s))|r-s|- (2-3) 

The term of lowest and highest grade correspond to the inner and the outer product 

^(r) • -B(s) = {A(^r) *c S(s))|r-s| and = *c -B(s))r+s. (2.4) 

Especially for the basis vectors one has cr^ • crj = rjij , CTi ■ cr^ = Sf and cr* • cr-' = rj^^ . 

As a first example one can consider the two dimensional cuclidian case. A general clement of the Clifford 
algebra is a supernumber A — A'^ + A^cri + A^(T2 + A^^aia2 and a vector corresponds to the supernumber 
a = a^<Ti + a^cr2. The Clifford star product of two vectors is 



a*c b = ab + a 



E 



_d d_ 

d(Tn dcTn 



h = (a^6^ - a^V)aia2 + a^V + a^V = aAb + ab, 



(2.5) 



The basis bivector /(2) = <Ti(T2 fulfills /(2) *c -^(2) 
reverses the order of the Grassmann elements: 



CTi, . . . (Tj 



'(2) 



<Ti„ . . . <Ti 



-1 and 7(2) = where the involution 

(2.6) 



1(2) plays in two dimensions the role of a imaginary unit. 

In three dimensions a general Clifford number can be written as 



(2.7) 



and it contains a scalar, a vector, a bivector and a trivector or pseudoscalar part. The basis bivectors 
Qi = <T2<r3, CI2 = <y\az and Qs = a^cri fulfiU 



(2.8) 



which means that the even multivector Q = -\- g'Q^ is a quaternion. The trivector part with basis 
7(3) — (j\<j2<^?> can be used to describe the duality of vectors h = b^cri + 6^cr2 + b^f^s and bivectors 
B = 6^0'2<r3 + b'^asai + b^aia^, i-e. B = /p) *c b. With this relation one can then write the geometric 
product of two vectors a = a^cri + a^cri + o C3 and b = b^ai + 6^ 0-2 + 6^(73 as: 

a *c b = a ■ b + I3 *c {a X b), (2.9) 
where a b = J2h=i ^^'^ a x b = e,^i^a''b^a-m- 
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3 Vector Manifolds 



In geometric algebra the points of a manifold are treated as vectors, so that a manifold can be seen as 
a surface in a flat ambient space. The at least (d + l)-dimensional flat ambient space is spanned by the 
rectangular basis vectors cr^ and is equipped with the constant metric rjat- A d-dimensional vector manifold 
with coordinates x% i = 1, . . . , d that is embedded in this ambient vector space is then described by smooth 
functions /"(a;*) and has the form x{x'^) — f°-{x^)cra, one also uses the notation x{x^) — x°'{x'^)cra- The 
vectors 

Finn 

^«N=a^ (3-10) 

are the frame vectors of the manifold, which can be expanded in the ambient space as ^i{x) = ^f{x)cra- The 
^j(a;) span the tangent space T^M, with the Clifford star product 



F *c G = F exp 



J2 



d d 



G. 



(3.11) 



The scalar product of two frame vectors can be calculated internally and externally as 



(Cfo-J • (C^^Tfc), so that efq?7afc 



In general one has for both, the Clifford star product of the ambient 



space and the intrinsic Clifford star product (|3.11l) : 

i^ *C I, = 9^J + i^ij , i^*C ^ = Sj + , 



and 



(3.12) 



For an orientable manifold there exists a global unit-pseudoscalar I(^^){x) — ^1^2 ■ • ■ ^d/l^i^2 ■ • • ^dL 
which allows to deflne a projector P on the vector manifold that projects an arbitrary multivector A{x) in 
the ambient space onto the vector manifold: 

P{A{x),x) = {A{x) ■ I(,){x)) *a (3.13) 

A vector v{x) = v°'{x'')<Ta in a point of the vector manifold can then be decomposed into an intrinsic part 
P{v) = (^j • v)^^ = {va£,°')C which is tangent to the manifold and an extrinsic part P±{v) = v — P{v). 
Applying the projector to the nabla operator of the ambient space gives a vector derivative intrinsic to the 
manifold: 

9 = ^^(v) = en. ■ V) = ei^tda) = eo^ (3.14) 

and for a tangent vector a the directional derivative in the a-direction is a ■ c? = a^di = a^£,°'da — a 'V. With 
the intrinsic vector derivative (|3.14() the cotangent frame vectors ^ can also be obtained as the gradient of the 
coordinate functions x'^{x) that arise from the inversion of the vector manifold parametrization x = x(x^): 

e = dx\ (3.15) 



If one now applies the directional derivative a • c? on a tangent multivector field A{x) the result does not 
in general lie completely inside the manifold. So if one wants to have a purely intrinsic result one has to use 
the projection operator P again. This leads to the definition of a new type of derivative that acts on tangent 
multivector fields and returns tangent multivector fields. This new derivative is the covariant derivative and 
is defined by: 

{a-D)A{x) = P{{a-d)A{x)). (3.16) 
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In the case of a scalar field f{x) on the manifold the covariant and the intrinsic derivative are the same: 

{a-d)f = {a-D)f, (3.17) 

while for tangent vector fields a and b one has 

(a ■ d)b ^ P{{a ■ d)b) + P_i((a ■ d)b) = {a D)b + b S(a), (3.18) 

where S(a) is the so called shape tensor, which is a bivector that describes both intrinsic and extrinsic 
properties of the vector manifold. The multivector generalization of (|3.18() is 

{a- d)A = {a- D)A + Ax5{a), (3.19) 

where A x _B = \{A *c B ~ B *c ^) = 5 [^j-^]*c commutator product (not to be confused with 

the vector cross product used in (|2.9|l : the cross product of two three-dimensional vectors a and b and the 
commutator product of the corresponding bivcctors A = /(3) *c o, and B = J(3) *c b are connected according 
to — /(3) *c {a y. b) — ^ [/(3) *c ci:I{3) *cb]^^^ = A x B ). The commutator product of an r-vector and a 
bivector gives again an r-vector so that all terms in (|3.19|l are r-vectors. Furthermore it is clear that H3.19(l 
reduces to H3.18II if ^ is a vector field and to (|3.17|l if yl is a scalar field. 

As a tangent vector (a • D)b can be expanded in the base: 

(a . D)b = a^iiD.b^)^^ + 6'(D,|J'=|,) = {d,b^ + 5'=r;.,)|,, (3.20) 

where F^j. = (Dj^f,) ■ ^' = (Uj^^.)' is the i-th component of -Dj^fe, which extrinsically can be written 
as F*j, = (Uj^^o-q) • Qcr'' = (9jCfe)C- of the properties the F^^ fulfill is the metric compatibility 

dkgij — ^kidij ~ ^kjdii — which can be found if one appKes Dk on both sides of |j • = gtj. This means 
that the F*^ are the Christoffel symbols and [a ■ D)b is the Levi-Civita connection. The symmetry of the 
F*^ in the lower indices is a consequence of 

d,^j - dj^^ - (9,9j - d,d,)x = 0. (3.21) 

Projecting into the manifold gives Di^j — Dj^^ = 0, so that the symmetry of the F*^, in the lower indices 
follows. From H3.21|l follows further, that 

(a ■ d)b - {b ■ d)a ^ {a^{djb') - V{dja'))^^ (3.22) 

is an intrinsic quantity that corresponds to the Lie derivative or the Jacobi-Lie bracket 

^a.b = [a, b] j^g = (a • d)b - {b ■ d)a = {a ■ D)b - {b ■ D)a. (3.23) 

The holonomy condition H3.21|l can then be written with ■ d ~ di in the more familiar form -^g.^j = 
[^j, 1^] = 0. One can also conclude with (|3.18|) that since [a, b]j^g is an intrinsic quantity, the extrinsic 
parts in the Jacobi-Lie bracket have to cancel, i.e. a • S(b) = b ■ S(a). 

A natural generalization of the Lie derivative to multivectors is given by the Schouten-Nijenhuis bracket 

= [Ar).5(s)]5ArB = {-If-'iA^,.)- D)B^,) + {-If-^^iy-^B^^y D)A^,y (3.24) 
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The Schouten-Nijenhuis bracket can be written in this way due to the fact that 13.24|) has the grade r + s — 1, 
fulfills 

and reduces for scalar functions /, g and vector fields a and b to 

[/'5]swB = 0' [a>/]swB = and [a,b]sj^j^ = ^ab. (3.27) 

Furthermore one has the super-Jacobi-identity 

+ i-l f [[q*), = 0. (3.28) 

4 Exterior Calculus 

The exterior calculus 11 can be constructed by noting that the cotangent frame vector or one- form H3.15|l 
can be written with H3.17|l as 

C = Dx' = dx' = dx\ (4.29) 

In order to see how the directional covariant derivative acts on a general one-form u = LUi^J" one first applies 
Dj on both sides of C ' ^ ^1 which gives (Dj^^) ■ ^j. = {Dj^^)k = ^r^fej so that the covariant derivative 
of UJ reads 

(a • D)u> = iiD,iu,)e + t^»(i?jr)fc€'') = a' (djiu^ ~ ujkT^,)^- (4-30) 

Furthermore it is easy to see that ddx^ = D^^ = 0. The closedness of can be used to calculate the relation 
of the F^ j, and the metric: 

^k^iD,^k)-e = l[{D,ik) + iDki,)]-e (4.31) 

= I fe • (Dik) + nnk9,ir + ■ (D^,) + r'm.mr] ■ e (4.32) 

= I • {DgkmD + ■ {Dg.Un + id„,,g,k)r] ■ C (4.33) 

= I [{dngkrn)^, ' + {dn9,„Mk ' + {dmg.k)^] ■ e (4.34) 

= I [{dngk,nKS-r - S^C) + {dng.mmr - SrC) + {d,ng,k)r] ■ e (4.35) 

= Ig^'ldjgki+dkgji-digjk], (4.36) 

where one uses in (|4.31ll 

^, • (£>!,) = I, • iCD^,) = ^, . {eT\,i,) = r^,(5V, - g.iC) = D,^, - T\,g,ie- (4.37) 
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With expression H4.36|l it is possible to show that the shape bivector can be written as 

S(a) = ^{Cda, - i,da^ + Cia ■ d)^,), (4.38) 
or Si = S(|j) = i^i^^^dkgij + \£,''di$,y This can be proved by calculating 

b ■ S(a) = 1 {b\d,a,)e ~ b>{dja,)e - h{d,a')e + bi{d,a')^, + a=h\dji,) - a^h^CHk ' 9,1,)) (4.39) 
- \ {aH\d,g,k)e - a'6X5..g,/c)l^ + aV"(9,|,) - a^6'=lXlfc ' d,td) (4-40) 
= -a'=6TL|; + la^b'^CidgM) + ^a'6^(a,|,) - ia^fo'=^'(Cfc • (4.41) 

= -a'=6TL|, + ^a^Ve [{d.^,) ■ ^k] + la^^id^^j) (4-42) 

= a^6-'"(9,^^.)-«^^'^rf^^fc (4.43) 
= (a • 9)6 - (a • D)b (4.44) 
= P4{a-d)b), (4.45) 

which corresponds to definition (|3.18|) . In (|4.4(J|I relation (|4.3t)|) was used and in H4.42|l one uses 

■ ^k] = [{^^C;<Ta) ' = {d,C;)<T a = 8,^^. (4.46) 

While the exterior derivative of the reciprocal basis vectors is zero, the exterior derivative of a general 
one-form u3 = uji^^ is a two-form du3 = (Dojj)^-' +ujjD^^ — (diUtj)^^^-' . A general r-form is then a covariant 
r-blade A'-''^ [TTl and can be written as 

= ^A,,„„,,dx''dx'' . . . dx'^ = ...C- (4.47) 

Applying the exterior differential, to A'-^^ gives 

r! \ ax^ / r! \ ox^ J 

which is a (r + l)-form or a covariant (r + l)-blade. 

It is then also straight forward to translate other structures of exterior calculus into the language of 
superanalytic geometric algebra, for example the Hodge dual is given by 



* (r^r^ . ..C'-) = . • (4.49) 

with - = g^ui ■ ■ ■ g^^-''^ £ji...j^i^j^-i...ia and £ii...ia = 1 for even permutations. In the euclidian or 

Minkowski case the Hodge dual can be written as 



8 



and the inverse Hodge star operator in the euchdian case as 

= (-lyi'i-^) * = (_i)('-i)'-/2/(d) (4.51) 

while in the four dimensional Minkowski case one has an additional minus sign, i.e. -k~^ — {~lY^'^~^^'^^-k. 
With the Hodge star operator as defined in (|4.49|) the coderivative is given in the Riemannian case as 

and in the Minkowski case as = Writing this down in components one sees that 

the coderivative maps an r-form into an (r — l)-form and can be written as 

The interior product that maps an r-blade A^'') into an (r — l)-blade is just the scalar product with a 
vector, which can be generalized to the case of two multivectors A(^r) and i?^'*) as 

= (4.53) 



r+l 



so that one has for example 

(aTaJTTTo;^) • d^W = ^(-l)"+i(a„ ■ 8) {a, . . . d,, . . . a,+i) • 

+ [[am, a„] ai . . . d„ . . . a„ . . . a^+i) • A^""). (4.54) 

In the same way Cartan's magic formula 

J/faUJ ^ {dia. + Lad) U ^ {a\d^LOj) + (9^0*)^,) (4.55) 

generalizes to 

^aA^'^) = (dZa + La.d) A^--) = £)(a • A^'^)) + a • (IJA^'')). (4.56) 

Up to now only the coordinate basis of the was used, in general it is also possible to use a non-coordinate 
basis given by 

-dr = and t, = dl-dr, (4.57) 

where d], — 'dr ■ C a-re functions of the x^, with 'd^'dl — and gij — •d'l'd^jgrs- Analogously the reciprocal 
non-coordinate basis 'd^ can be expanded with the d\ in the reciprocal coordinate basis of the A special 
choice for the non-coordinate frame fields is obtained by the conditions -dr ■ 'ds — Vrs and di'dr = 0. This 
means the 'dr span a (pseudo)-euclidian base and they move on the vector manifold so that 

Al^r = --dr ■ S^. (4.58) 

This shows that the shape tensor, which has in the i^^-frame the form = S(i?.r) = "^l-Si, is proportional to 
the Fock-Ivanenko bivector Ti i-e. = —2ri. 

For general non-coordinate basis vectors the Jacobi-Lie bracket is no longer zero, one rather has 

[^r,^AjLB = mrDmi,)~mr-DWr^j) (4.59) 

= [(A^?i)€, + ^m^,)] - [{D.m, + ^m^,)] (4.60) 

= A^9i - C A^^J I, (4.61) 
= [dr^i - ds^i] (4.62) 
= C'.^^t, (4.63) 
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with C*^ = ['9r,'ds\jLB ■ = [^r-di - 9s-di] ■&]. For tangent vector fields a = a^'-d,. and b = it follows 

then that 

J^ab - [a, b]j^g - {a^idrb') - b' {dra'))'&s + oTb' [^r,^s\jLB . (4-64) 
which reduces in a coordinate basis to 13.22|1 . 

In the non-coordinate basis a straight forward calculation shows that the F*^ are given by 

F*, = - • D)'d'] ■ l9, = ig*" [drgsu + - duQrs] + + C^sr - Csru), (4.65) 

where Crsu — gtuC^s- While in the coordinate base [^iT^j] ji^g = insured that the F*j are symmetric in 
the lower indices, one has in the non-coordinate basis the relation F*j, — F*^ = C*^. This implies that the 
non-coordinate one-forms are not closed: 



d^'-^eoMC) = - dj^:)ee (4.66) 



= -{r,ii»s-d)r^-r^{^,-dw,)di^i^'i}" (4.67) 

= l{'dl{^fdW,-dl{^u-d)d^)^'^- (4.68) 

= -^[r,{^fd)d^^-r^{'d^ -8)^)1)^'^- (4.69) 

= (4.70) 

which is the Maurer-Cartan equation. The exterior derivative of a general non-coordinate one-form ck = Ur'if 
is 

da = {DarW + ^rD-d'' = - a^F* Ji^'^i?', (4.71) 

for the exterior derivative of a general r-form in the non-coordinate basis A^'^'^ — —fAs^,,,s^'&'^^ ■ ■ . i?*'' one 
obtains 

^^^"^ - (^[-.^ ^---1 ~ ^.........*..,......]) ^'-^'^ ■ ■ ■ (4.72) 

where the square brackets antisymmetrize the lower indices. 

The formalism developed so far can also be used to describe tensor calculus. A tensor is a multilinear 
map of r vectors and s one-forms into the real numbers and can be written as 

T = r;^\-;;;:C,, • • • ® ® • • • ® ■ (4.73) 

The components of the tensor are obtained as 

T;i::t - TiC' , . . . , , . . . , j = ie^ ^...^c^^ t = • • • ® 1, j • t. (4.74) 

For example the metric tensor g = 5^^* ® = gijdx'^ ® dx^ maps two vectors a — a*^j and b = into a 
scalar according to 

g(a, b) = Z„55bg = [a'^i^ ® h^ii) ■ {g,,e ® - 9^Ja'b'. (4.75) 
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The above tensor concept can be generalized in several ways. For example one can consider a function 
that maps r contravariant and s covariant blades of arbitrary grade into a scalar, i.e. tensors of the form 

T - T^l'-^j^ • • • A^[;^ ® Bll^^ ®---®Blly (4.76) 

The other possibility is to consider multivector valued tensors. In this case a tensor maps a number of 
(multi)vectors into a multivector, that docs not have to lie in the same vector space. All these possible 
generalizations will appear in the following. 

5 Curvature and Torsion 

Curvature can be described if one transports a vector around a closed path and measures the difference of 
the initial and the transported vector. The path can be thought of as spanned by two tangent vectors a and 
b and closes by [a, b] jj^g. One can then act with a curvature operator on a tangent vector c — c^i9j.: 

[(a ■D)ib-D)-{b- D){a ■ D) - [a, b],^^ ■ D] c 

- a'-h'c' {DrDs - DsDr - C^M - a'-fo^c^i^^f.^i^^, (5.1) 

with 

R^,, = [{DrDs - DsDr - [dr, ^s\jLB ' D)^t] ' (5.2) 

= [Dr{T^^^n,)~D,{T^^'d^)~C^^{DM-^'^ (5.3) 
which in the case of a coordinate basis reduces to 

4, = [{D,D, - D,D,)^ ■ = a.r^., - d,Tl, + rLr^fc - r^„r™. (5.5) 

Since the curvature operator maps three vectors into a fourth one, it can also be written as a tensor R — 
eg) 1?'^ ® (g) i9* . In general the curvature operator can act on a multivector A, so that one has with 

[{a ■D){b-D)-{b- D){a ■ D) - [a, b] ■ D] A 

= [{a ■ d)S{b) - (b ■ d)S{a) + S{a) x S(6) - S([a, b]j^g)] x A^ R{ab) x A, (5.6) 

which reduces to 

[{a ■ D){b ■D)-{b- D){a ■ D) - [a, b],^^ D]c = R(ab) ■ c (5.7) 
acting on a vector. The bivector- valued function of a bivector 

R(a6) = (a • a)S(6) - [b ■ d)S{a) + S(a) x S(b) - S([a, b] j^g) (5.8) 

fulfills the Ricci and Bianchi identities 

a ■ R(bc) + b ■ R(ca) + c • R{ab) = (5.9) 
and {a ■ D)R{bc) + {b ■ D)R{ca) + {c ■ D)R{ab) ^ 0. (5.10) 
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Comparing (|5.1|l with H5.7|l shows that the curvature is described by a bivector-valued function of a 
bivector according to 

a''b''c^R:^^^-3^ = R(ab) • c. (5.11) 

But it is also possible to describe it by a scalar- valued function of a bivector, i.e. a two-form i?"(ab) — LabRt 
according to 

a''b'c'R';:^t-du - c'RUab)-du. (5.12) 
It is now easy to see from this definition and 1)5. 4|) that the curvature two-form i?" has the form 

i?r = {d^Ti, + r:.,Ti, + r^^ri,,)^^^^, (5.13) 

which also can be expressed in another way. For this purpose one notices that the exterior derivative of 
is a vector- valued one-form: 

= ^'D.'dr = Tl^'T^t = ^l^u (5.14) 
where u;* — Tl^.i)'^ . With uj^. the curvature two- form (|5.13(l can also be written as 

i?," = da;J' + a;>[, (5.15) 

which is the first Cartan structure equation. Exterior differentiation of H5.15|l gives the Bianchi identity for 
the curvature two-form: dR^ + a;[-R* — i?t = 0. 

It is possible that the path spanned by two tangent vectors a and b is not closed by [a, b]jj^g. This is 
measured by the torsion 

ia-D)b-ib-D)a~[a,b]j^^ 
with 

which reduces in a coor dinate basis to T,) = T'^^ - T'^^. This means that for non-vanishing torsion the F,": 
are no longer symmetric in the lower indices so that ddx^ is no longer zero and the exterior differential of 
an r-form is given by 



(a ■ D)b - {b ■ D)a - [a, b],^^ = a^'b'T^^-dt (5.16) 



dAW-mW = 1-(^^^^^)dx^Dx''Dx'- ...Da 
r\ V dx3 J 



+ 4^ii»2...». [DDx'^Dx'^ . ..Dx''- - Dx'^DDx'^Dx'^ . ..Dx'^ 

+ ... + {-lY-^Dx'^Dx'^ ...DDx'-] . (5.18) 

The torsion maps two vectors into a third one, so that it can also be written as a tensor T = T^ji9t(X)i9'^(8)i9*. 
The other possibility is to describe the torsion with a scalar-valued function of a bivector, i.e. a two-form 
r*(ab) = LabT* according to 

a''b'T^^^t=T\ab)^f (5.19) 
It is then easy to see with (|5.17|) that the torsion two-form can be written as 

= (rl, - (5.20) 

With the Cartan one-form cjj, this can also be written as 

T* = -t-w*!?'', (5.21) 

which is the second Cartan structure equation. Applying the exterior differentiation on both sides of H5.21|l 
gives the second Bianchi-identity dT* + w.^T'' = 
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6 Rotor Groups and Bivector Algebras 

The multivectors of even Grassmann grade are closed under the CHfford star product and form the group 
Spin{p, q). An element S £ Spin(ji, q) fulfills S*c S = ±1 and a transformatfon S*cX*c S^^*'^ gives again a 
vector-valued result The elements R € Spin{p, q) with R*c R — +1 are called rotors and form the rotor 
group Spin'^{p, q), which in the euclidian case is equal to the spin-group. For a rotor one has i?^^*^ — i?, so 
that a niultivector A transforms as i? ^ *c R- A rotor can be written as a starexponential of a bivector, 
i.e. in general the rotor has for a bivector B the form 

R{t) = ±ej^ (6.1) 

and the rotation of a vector Xq is given by x{t) ~ R{t) *c *c R{t)- The bivector basis of a rotor 
constitutes an algebra under the commutator product 

B, X Bj = Cf^.Bfc, (6.2) 

where the C*^ are the structure constants (note that one has here an additional factor i due to the definition 
of the commutator product). Furthermore one can directly calculate 

= Bi ■ Bj, (6.3) 

which is (proportional to) the Killing metric. As an example one can consider the group 50(3). Given a 
three dimensional euclidian space with basis vectors cTj the rotor is given by 

R = Rf) + Rl(T2(T 3 + R2(T3(T I + R^Cr 1(72, (6.4) 

with R*c R = Rq + Rf + R2 + R3 = so that the rotor can also be parametrized with three parameters a, 
9 and (p as: 

R{a, 9, if) = cos a cos9 + sin a cos ip(T20'3 + sin a sin ipcr^cri + cos a sin 9(Ti(T2- (6-5) 
The three basis bivectors Bi = (T2cr3, B2 = cr^cri and B3 = (Ti(T2 fulfill 

Bi X Bj = -EijkBk and Kij ^ Bi ■ Bj ^ ~Sij . (6.6) 

It is easy to see that the group vector manifold, which for S0{3) is an embedded in a four dimensional 
euclidian space with basis vectors Tq, can be read off from (|6.5|l as 

rji{a, 9, ip) — cos a cos 9ti+ sin a cos fT2 + sin a sin T3 -f cos a sin6' T4. (6.7) 

The rotors act on themselves by left- and right-translation. A left-translation with a rotor R' is given by 
(■RiR = R' *c R and on the group vector manifold by IriVji = r^/^^fl. The left-translation induces a map 
Tr£r' between the tangent spaces at rR and rR/^,^,R. A vector field a{rR) on the group vector manifold is 
left invariant if TR£R/a{rR) = a(rRi^^R). Left invariant vector fields on the group vector manifold can be 
obtained if one considers the multivector fields on the rotors given by f*(i?) ^ R*c B... For two rotors R 
and R' one has 

Bf\R' *c R) - R' *c Bf\R). (6.8) 
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Just as to each rotor R in the CTa-space corresponds a vector in the Ta-space there is also for each 
multivector field Bl'^^^{R) in the o-Q-space a left invariant vector field iJ^iott^^-) (rij) = -1?^ in the Ta-space. 
These vector fields are closed under the Jacobi-Lie-bracket, i.e. they form a Lie subalgebra of all vector fields 
on rn and they form a non-coordinate basis on r/j, for the 5'0(3)-case one has for example i^^ • i9j = 5ij. 
The multivector fields are uniquely defined by the bivectors at i? = 1 and the corresponding left 

invariant vector fields are uniquely defined by their value in r/j=i. In the 5'0(3)-example the tangent space 
at r;j=i(0, 0, 0) — Ti is spanned by the vectors i^b; = Ti+i and constitutes the so(3) algebra in the Ta-space, 
where the commutator product in the bivector algebra corresponds here in the so(3)-case to the vector cross 
product on the i^Bi -space, i.e. 

1?B,XB, =-'»?B. X-»?B,. (6.9) 

To each basis-bivcctor Bj of the bivector algebra a two-form can be found so that tB^O^ = • = 

and to the two-forms 0' correspond then in the T^-space one-forms = i9* that generalize to reciprocal 
non-coordinate basis vector fields on r^, which clearly obey the Maurer-Cartan equation (|4.7U|) . For a r-form 
A*-''-' on the group vector manifold that is vector-valued in the cTa-space one can then in analogy to H4.54|) 
and with i^i...^,, A^'-* = A^^'^ifi . . . define the BRST-operator s as 

r+l 

(sAW)(,?i1?2...i9,.+i) = ^(-1)"+1b„.aM(,?i...^„...,9,+i) 

ri=l 

+ E (-1)'"+"A('^) i9„]^^3 i),...K^■■■^n■■■ ^r+l) ■ (6.10) 

m<n 

The s-operator can then be written as (see for example [201 and the references therein): 

s = B,.®,9^H-icf,W-^. (6.11) 

The adjoint action of the rotor group on the bivector algebra is given by [S] 

AdRB ^ R*cB*cR, (6.12) 

where B = 6'Bi is a general element of the bivector algebra, to which in the i?Bi-space corresponds a vector 
b — b'"dBi- Adjf is a bivector algebra homomorphism, i.e. Ad/? (A x B) = Ad^A x Ad/jB and a left action, i.e. 
Adfl*ci?/ = Adi^Adfl/. For all elements R of the rotor group the adjoint action (|6.12l) constitutes the adjoint 
bivector orbit of B, to which in the i?Bi-space corresponds an orbit vector manifold. In the S'0(3)-case the 
adjoint action H6.12|l leaves |Bp = Si=i(^')^ — l^'P invariant, so that the adjoint orbit vector manifold is an 

-A 

Let now A be an element of the bivector algebra and consider the rotor R{t) — e*^. The adjoint action 
of this one-parameter rotor subgroup gives a curve in the bivector orbit, and the derivative at i = is 



R{t) *cB*c R{t) = xB. (6.13) 

t=Q 

In the i^Bi-spa-ce the vector i^axb is the tangent vector in direction i9a to the orbit vector manifold in the 
point i?B, i-e. i?axb generates the adjoint action corresponding to A. It is also possible to define the coadjoint 
action Adjj of the rotor group on a two-form Q by 




B • Ad^e = Adi^B • e. 



(6.14) 
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which is the right action Ad^0 — R *c & *c R- The coadjoint left action is given by Ad^0. Infinitesimally 
one has B • ad^O = adiB • 8, or ad^O = 8 x A. In the S'0(3)-case the rotor acts on an euchdian space where 
the basis vectors and the reciprocal basis vectors are actually the same, so that — 8* and there is no 
difference between the adjoint and the coadjoint action. 

In the above discussion the rotor R acts intrinsically from the left on a vector space. But more generally 
a rotor in an ambient space can also act from the left on a vector manifold £c(a;') by a;' = R*^ x *c R if x' is 

-B 

again a point in the vector manifold. The left-action of the rotor R(t) = e*^ induces on the vector manifold 
x{x'^) the vector field 

d 



dt 



R{t) *cx*c R{t) =B ■ X. (6.15) 

t=o 

Furthermore a short calculation shows that there is an algebra anti-homomorphism between the bivector 
algebra in the ambient space and the induced vector fields on the vector manifold, given by 



[A • a;,B • a;]^^^ = -(A X B) • a;. (6.16) 

The rotor in the ambient space acts not only on the vectors x of the vector manifold, but in the same way 
also on tangent vectors a at the manifold which are vectors in the ambient space too. The transformation 
of X and a in the ambient space of the vector manifold induce a transformation in the tangent bundle. The 
tangent bundle manifold can be seen as a 2(i-dimensional vector manifold in a {2d + 2)-dimensional ambient 
space with basis vectors era and Ta, i.e. as 

ix + a){x\a')=x''ix')(Ta + a^^Jix')Ta. (6.17) 

Analogously one can define multivector bundles, for example a bivector bundle manifold has the form 

{x + B){x\B^'') = x'^{x')aa + B^''^^ix')ek{x')TaTt. (6.18) 

The tangential lift of the rotor action is given by R *c x *c R + R *c *c R, where the rotor acts on the 
Ta-space in the same way as on the era-space. In the case of a flat vector manifold the tangent bundle is just 
a 2ci-dimensional vector space and the rotor acts separately and intrinsically on both subspaces. Instead of 
two rotors that act separately on the (Ta and Ta spaces one can consider also a lifted rotor with a bivector 
Biiftcd that is the sum of the two single bivectors, so that one can write i?iifted *c + a) *c ^^uftod- If one 
describes the tangent vector in a reciprocal ambient space, i.e. as a one-form a the cotangent bundle has 
the form 

ix + a){x\a,)=x^{x')<Ta + a,Caix')T'' (6.19) 



and the corresponding cotangent lift is given by i? * R + R 

*C *C R or i?liftcd *c (x -t- Ot) *c -Rliftcd- 

In order to construct unitary transformations 21 one considers a 2n-dimensional space with basis vectors 
OLi and (3^ ior i — 1, . . . , n and a bivector 

d d 

J-^a,/3,-^J,. (6.20) 

1=1 1=1 

The two subspaces spanned by a.i and /3j should have the same metric, i.e. cxi ■ aj ~ /3,j • /S^ and cxi ■ (3j = 0. 
The 2n-dimensional vector x ~ a^OLi + h'^fi^ corresponds to an rt-dimensional complex vector with components 
x^ ^ X ■ a.k + ■ I3f; = + ib^ and the complex internal product can be written as 

{x\y) = x'^yk = {x ■ a'' + ix ■ l3''){y ■ otk - iy ■ (Bk) = X ■ y + i{xy) ■ J. (6.21) 
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A unitary transformation generated by the rotor R leaves the above complex product invariant, i.e. 

(xy) ■J={{R*cX *c R){R *c y*cR))-J = {xy) ■(R*cJ *c R), (6.22) 

— B /2 

which means that J = i? *<-, J *c. i? is the defining relation for the unitary rotor. With the ansatz R = e*,-, 
one obtains the defining relation for the bivector B 

B X J = 0, (6.23) 

which is solved by B = xy + {x ■ J){y ■ J) Putting in this formula the basis vectors for x and y one obtains 
the basis bivectors of the u(n)-algcbra: 

Eij = ccjaj +f3i(3j, Fij = aif3j - PiCXj and J, = ccj^j (6.24) 

for i < j = 1, . . . , d. It is easy to show that these basis bivectors form a closed algebra under the commutator 
product. The bivector J is part of the u(n)-algebra, if one excludes this generator of a global phase one 
obtains the su(n)-algebra. 

In order to describe the Gl{n) by rotors one proceeds in a way similar to the unitary case. One considers 

a 2n-dimcnsional space spanned by the basis vectors oti and /3j for i = 1, . . . , n, but now the metric in the 
spaces spanned by oti and /3j is opposite, i.e. the Clifford star product is given by 



*c = exp 



d d d d 



(6.25) 



On this space a bivector K = aj/S' can be defined, so that one can decompose a vector x according to 

x = ^(x + x-k) +^{x-x-k) =x++X-, (6.26) 

so that x+ ■ x+ = X- ■ X- = 0. There arc then two subspaccs V+ and V- defined by x+ ■ K = x+ and 
X- ■ K = X-. A Gi(n)-transformation transforms now a vector in V+ into another vector in V+, i.e. 

{R*cX+*cR)-1^ = R*cX+*cR, (6.27) 

or K = K*c -R. With the same argumentation as above one can see that a bivector generator must have 
the form B = xy — {x ■ K){y ■ K) , so that the basis bivectors of Qi{n) are 

Eij = aiCXj - ^i/3j, Fij = otiPj - fiiOtj and K, = a^/Sj (6.28) 

for z < J = 1, . . . , n. 

The GZ(n)-case can be understood in another way if one transforms the variables of the vector x = 
a^Oii + &*/3^ into variables g% p% 77^ and according to 

x+ = l(x + x.K) = i(a^-6')(a,-/3,)^g'77, (6.29) 
X- = ^{x-x-K) = ^{a'+b'){ai+0i)=p'Pi. (6.30) 
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It is then straight forward to transform the star product Ht).25|l and the generators 
variables. For the star product one obtains 



exp 



rjij ( d d d d 
2 \dr], dpj dp.drjj 



into these new 



(6.31) 



which is a fcrmionic version of the Moyal product 



*M ^ exp 



-V 



d__d d d 



(6.32) 



This suggests that the vector x = q^rj^ +p^pi can not only be transformed with a fermionic star exponential 
as described above, but can also be transformed in the bosonic coefBcients with a bosonic star exponential 
according to 22 



1 



(6.33) 



where [f^g]^^^ — f *m 9 — g *m f is the star-commutator. In analogy to the fermionic case one can now 
demand that for a Gl{n) transformation the q'' have to be a linear combination of the alone and no terms 
in should appear. This means that TM'-' , g*^] must be a function of the alone. This is achieved if one 
chooses the bosonic generators 



E'^ = q'p^ + q^p\ F'l = q'p> - q'p\ and 
which form a closed algebra under the Moyal star-commutator. 



(6.34) 



Active and passive Rotations and the theoretical Prediction of 
Spin 



A general multivector is now invariant under a combined transformation of the bosonic coefficients and a 
compensating transformation of the fermionic basis vectors. The bosonic transformation of the coefficients 
is an active transformation and the fermionic transformation of the basis vectors is a passive transformation. 
In a tuple formalism this difference cannot be made and so active and passive transformations are mixed up 
with left and right transformations, whereas in a multivector formalism one rather has that an active right 
transformation corresponds to a passive left transformation, and the other way round. 

To illustrate the concept of active and passive transformations in the star product formalism one can 
consider rotations in space and space-time. In the three dimensional euclidian space with vectors x — x'tti 
the active rotations (22j are generated by the angular momentum functions 



which fulfill with the three dimensional Moyal product 

exp 




(7.1) 



(7.2) 
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the active algebra 



An active left-rotation has then the form 



X =U X ^.jU = e 



1 T 



^ M X * A 



1 T K 



(7.3) 



(7.4) 



where the i?^- is the weh known rotation matrix. The corresponding passive rotation |21[ is generated by 
the bivectors 

that fulfiU as seen above the passive algebra 

so that the passive left-rotation is given by 

x' = R*c X *c R - 



B,- X B, 



-EijkO- j<Jk 



(7.5) 
(7.6) 

(7.7) 



It is clear that the above transformations generalize to arbitrary multivectors A{x^) and that such a multivec- 
tor is invariant under a composed active and passive transformation 0. The generator of such a composed 
transformation is then the sum of the active and passive generators, so that one has infinitesimally 



r' + iB„A(x") 



dx^ 



B,:X 



A(x"). 



(7.8) 



In the conventional formalism one says that in quantum mechanics one has to go over from the angular 
momentum operator Li to the operator Ji that includes also a Pauli matrix. In geometric algebra this 
follows from the invariance behavior of multivectors. Moreover the spin structure appears automatically if 
one deforms the minimal substituted Hamiltonian with the Moyal star product as shown in j7|. The star 
eigenfunctions of this Hamiltonian are then multivectors jH] that correspond to the Pauli spinors . 

The same argumentation is better known from Dirac theory. A vector in the Minkowski space with basis 
vectors 7^ is given by a; = x^l ^ and the active transformations can be done with a four dimensional Moyal 
star product 



exp 



-n 



d d 



d d 



dx^^ dp'^ dp'^ dx^ 



(7.9) 



where the nonstandard metric 7/^1/ = diag(— 1, 1, 1, 1) should be chosen. The generators of an active Lorentz 
transformation are 

M^"' ^x^'p'' -p^'x\ (7.10) 
where the generators of boosts and rotations are 



= At 



01 



and 



V 



'j<k 



They form the following active Moyal star-commutator algebra 

L^] ^ = ife*^■'=L^ [i*,^^], ^ihe'^^K'' and [K\K^]^ 



k T k 



(7.11) 



(7.12) 



18 



so that an active Lorentz transformation of the four-vector x ~ 2:^7^ is given by 

x' = e:i"-*'"" X ej;-^''" = (A>'^)7^, (7.13) 

where AfJ is the well known Lorentz transformation matrix. 

The corresponding passive Lorentz transformation is generated by the bivectors 

^p.-^*c[7,,7j,,, (7.14) 
where /(4) = 7o7i7273 the pseudoscalar. The generators for the passive boosts and rotations are 

V^i^'^cToi and U ^ ^^SijkfJjk (7.15) 

j<k 

and they satisfy in the case of the nonstandard metric (for the standard metric one has to replace i by -i in 
the active Lorentz algebra H7.12|l and /(•4-) by in the passive Lorentz algebra HT.lGfl l: 

[Li,Lj]^^ = ^-^(4) *c £ijkl-k, [Li,Kj]^^ ~ ^^(i) *c £ijk^k, and [Ki,Kj]^^ — /(4) *c £ijkl-k- (7.16) 
The passive Lorentz transformation is then given by 



'(K^.)- (7.17) 



In Dirac theory the passive transformations are constructed a posteriori by demanding the invariance of the 
four- vector p^7^, just as the basis vectors of space-time are discovered a posteriori in a tuple notation by 
factorizing the Klein-Gordon equation. 



8 Symplectic Vector Manifolds 

A symplectic vector space can be considered as a 2(i-dimensional euclidian space with vectors 

2; = zX = '?"^™+P>™, (8.1) 
where a = 1, . . . , 2cZ and m = 1, . . . , d, and a closed two-form 

^ d d 

^ = ^^abCC' - E = E dq"'dp^^\ (8.2) 

m— 1 m— 1 

where fiafc is a non-degenerate, antisymmetric matrix 25 . The euclidian metric on the vector space defines 
a scalar product and a relation between vectors and one-forms. The two-form fl gives now an additional 
possibility to establish such structures, i.e. one can define the symplectic scalar product as 

Z -sy W = Lzw^ = (wz) ■ Q ^ Z ■ {Q ■ w) = Z°'flab'W^ (8.3) 
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and furthermore one can map with a vector into a one-form according to ~ = z ■ H. (the other 
possibiUty used in IT^ is fl - z = — 2; • fi). The inverse map of a one-form into a vector can be described witli 
the bivector 

^ 2d d 
a,fc=l m=l 

SO that the vector corresponding to a one-form uj is given by = J • u;. The map I] should be inverse to b, 
from which J"'' = (^^ob^)"^ = follows. Especially with the nabla operator V = d = Cj^da and d!^ = J ■ d 
the Hamilton equations can be written as in \12\ : 

z = d^H. (8.5) 
Furthermore the Poisson bracket can be written as 

{F,G}p5=Fd.,, dG= J''" — ^. (8.6) 

The bivector J plays the role of the compatible complex structure |^ , because 

{z ■ J) -sy {w-J)^z -sy w and z -sy {z-J)>0 Vz^O. (8.7) 

Furthermore one has J • J = —1, (2; • J) • J — —z and the symplectic scalar product can be written as 
z -Sy w ^ {z ■ J) ■ w. A metric space with a two-form D, and a compatible complex structure is a Kahler 
space. 

A symplectic vector manifold is an even-dimensional vector manifold with a closed two-form Q{x) = 
^fijj^*^-', i.e. with difljk + djilki + dk^ij = 0. The tangent spaces at the symplectic vector manifold are 
symplectic vector spaces. A vector field z{x) on a symplectic vector manifold is symplectic if z^ is closed, 
i.e. if d{z • r2) = 0. Symplectic vector fields conserve the symplectic structure, i.e. J^z^ = diz^l — and 
they form an algebra under the Jacobi-Lie bracket, i.e. for two symplectic vector fields z{x) and w{x) one 
has <i( [z,w]jj^g • ri) =0. If z^ is not only closed, but is also exact the vector field is called hamiltonian. 
According to the Poincare lemma every closed form is locally exact, so that a symplectic vector field is locally 
hamiltonian. This means for a local hamiltonian vector field hn exists locally a function H so that 

hn -^1 = dH. (8.8) 

In the coordinate basis the hamiltonian vector field reads 

fiH ^d^H = J'^djH)l^. (8.9) 

With a hamiltonian vector field the Poisson bracket can then be written as 

■^HhF ^ha-dF^ {F, H}pB, (8.10) 

or, using H8.8|l in this equation, as 

{F,G}pB^ih,ha^^ihGhF)-n. (8.11) 

It is easy to see that the hamiltonian vector fields form a Lie subalgebra of the symplectic vector fields with 

[hF,hG]jLB = -h{F.^G}pB- (8-12) 
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Given a symplectic vector field z that preserves the Hamilton function iJ, i.e. ^^S^ = $7 and J^^H = 0, this 
symplectic vector field z can be written locally as a hamiltonian vector field h p with 

^h^H ^hp-dH^ {F, H}pB = 0, (8.13) 

which shows that F is a conserved quantity. This is Noethers theorem for the symplectic case. 

The metric gij{x) on the vector manifold is induced by the ambient space and exists naturally on the 
vector manifold. It was used in the above discussion just to contract vector fields and forms with the scalar 
product. But this contraction is actually independent of the metric. The metric can be used to define a 
compatible almost complex structure. This is here a bivector field J{x), that maps via the scalar product 
a tangent vector into another tangent vector. If the structures g.ij{x), J{x) and U{x) are compatible the 
metric scalar product of two tangent vectors a and 6 in a point x can be written as a ■ b = a ■ sy (b ■ J) and 
the symplectic product can be written as a ■ sy b — {a ■ J) ■ b. A symplectic vector manifold with these three 
compatible structures corresponds to a Kahler vector manifold (if the Nijenhuis torsion vanishes). 

Symplectic manifolds of special physical interest are cotangent bundles, for which the symplectic two- 
form is globally exact. The cotangent bundle of a c?-dimensional euclidian vector space is a 2d-dimcnsional 
euclidian vector space with elements q + tt = q^rf^ + PmP™. On this vector space one can define with a 
vector a + LJ = a"'"ri„^ + uJmP"^ a canonical one-form 9{q + tt) by 

(a + u;)-0(q + 7r) = a>™, (8.14) 

The 



where the nabla operator is given by V = d = tl"^^^ 



so that — Prnfl™" — Pmdq 

symplectic two-form on the cotangent bundle can then be obtained as 

n= de = r]"'p^^ = dq"'dpra. 



.15) 



The above definitions generalize readily to the case of a cotangent bundle of a d-dimensional vector manifold. 
In a {2d + 2)-dimensional ambient vector space with basis vectors cr^ and t'^ the cotangent bundle can be 
described as the 2(i-dimensional vector manifold {q + 'K){q\pi) — q"" {q^)cr a + Pj£,i{q^)T'^ , with tangent vectors 
a + u) = a^^fcTa + Wi^* t". With a projection operator TiTg defined as 



T^q(a + u;) = T7rq(a) = a'CrT„ 



(8.16) 



one can write H8.14|l as {a + lj) ■ 6{q + tt) 



- iv) ■ TT, SO that 6 = pi^^ ~ Pidq^ 



In the discussion so far the symplectic structure was defined via a two-form and a compatible metric star 
product, which led to a Kahler vector manifold. But a metric structure is actually not necessary to define a 
symplectic structure. In the case of a cotangent bundle it sufhces to use the natural duality on this space. 
This duality can also be described with a star product, for example on the cotangent bundle of a vector 
space one can define 

'" a" ~d 

F*oG = F exp 



G, 



.17) 



so that (|8.14(l reads ia+u>d{q -f- tt) = iaTT = {a *d 7r)o = a -d tt and further L(^a+uj){b+x)^ = a -o X — b -d i^, 
which can easily be generalized to manifolds The other possibility is to define a symplectic star product, 
by using Ojj instead of the metric rjij in the fermionic star product. On a 2d-dimensional vector space the 
symplectic star product in Darboux coordinates is given by 



F*syG^F exp 



_d d_ 

dCadCb 



G^F exp 




_d d_ 

dPm dVn 



G. 



(8.18) 
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On a 2d-dimensional vector manifold the tangent space can also be spanned by Darboux basis vectors 
Vm = Vm^i s-iid Pm — Pm^i that One has analogously 



F^syG^F exp 



d__d_ 



G = F exp 



E 



d d 



d d 



G. 



(8.19) 



The indices are now lowered and raised with fiy , i.e. for a tangent vector a — a*^j one has = flija^ and 



a 

products 



n'^ij, where fl^jfl^'' 



5j. The relations b and h between vectors and one- forms can then be written as 



a}' = a'f^y^^ = {n'^ia^)i^ and a;'' = tj,f7'^|j = = P'u;4y Furthermore it follows for the scalar 



'Sy — ^ 



Sy S,j 



and 



(8.20) 



If one establishes the symplectic structure with the symplectic star product and not with a metric star 
product and a two-form, the contraction of vectors and one-forms has to be defined with the symplectic 
scalar product -sy ^'^ = —Sf. This leads to a different sign structure compared with the case of a metric 
star product, for example instead of (|8.8|l one has for a hamiltonian vector field on a vector space with a 
symplectic star product hn ■sy^ = —dH and since a sy d = —a ■ d there is no minus sign on the right side 
of H8.12|l . So these two sign conventions correspond to the use of a metric or a symplectic star product on 
the vector space. 



9 Active and passive Transformations on the Phase Space 

A flat phase space can be considered as an 2(i-dimensional euclidian vector space with vectors (|8.1(l and a 
two-form H8.2|l . The time development is described by the hamiltonian vector field tiH — 9"»7„ + p"Pn — 
J^^djHC^, so that one has for a scalar phase space function / 

f^z- (df) = {Hh ■ d)f = J^h„f = {.f,H}pB. (9.1) 

where fiH ■ d is the Liouville operator. The above equation for the time development can immediately 
be generalized from 0-forms / to arbitrary r-forms. For example the time development of the symplectic 
two-form is given by il = ^Hh^ — 0; which means that the symplectic form is preserved by the time 
evolution. 

The temporal development of a system can be described by an active time transformation of the coeffi- 
cients, which corresponds to the Hamilton equations 

z' = ^h„z' ^ r^djH. (9.2) 

In the formalism of geometric algebra it is also possible to write down a time transformation of the basis 
vectors 

C,^^H,C^^~J''dkd,HC,, (9.3) 

which corresponds to the Jacobi equation that appeared in the path integral formulation of classical me- 
chanics [T^ . 
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Active and passive time development can directly be discussed for the example of the harmonic oscillator. 

^ -1— ri^ \ (Ton ot-q inci 1"ho c1"Cit" 0"VT^r\non1"i ci I I I i i~ \ — e> 

state vector z^ — qr]^ pp according to 



The Hamiltonian H — + q^) generates via the star exponential U{t) = e^j,^ an active rotation of the 



z{t) — U{t) *M Zq *m U{t) — (qcost + psmt)ri + (— gsint + pcost)p = q{t)ri +p{t)p. (9.4) 
The same transformation passively can be achieved with the rotor R{t) = e*^ and the bivector H = r/p as 



z{t) — R{t) *c Zo *c R{t) — q{costr] — suit p) +p{sintr] + cost p) — qrjit) +pp{t). (9.5) 

With the hamiltonian vector-field hn = pr) — qp and the relation {f,g}pB = Ihnrwo the active 

Hamilton equations = ^h^z* can be written as 

^ = l™n 4 -^]*M ^^'^ i™ 4 [P' = (9-6) 

h^o m " h^o in " 

With (|9.3I) one can then calculate the corresponding time inverted passive Hamilton equations. Using the 
Clifford star commutator defined by 

=A(,)*cS(,)-(-l)'-'^B(,)*cA'^) (9.7) 

these equations can be written as 

^ - T [r7, H],^ = p and p = y [p, H],^ = q, (9.8) 

where H = ^r/p is the passive Hamiltonian. The passive Hamiltonian is connected with the active one over 
(ins and (ins by 

-ACrM.c^-J''9kd,HC,. (9.9) 

The passive Hamiltonian H is here just the free Hamiltonian of pseudoclassical mechanics (the additional 
factor i is due to the definition of the Clifford product which is defined without a factor i, see for example 

0)- 

A Lagrangian that takes into account both the time development according to (|9.2|) and the time devel- 
opment according to H9.3|l should be called the extended Lagrangian and has the form 

Ce = y^ (i' - r^djH) + iCj (^dtSj - J'^'didkH) A' 

= y,i' + iCj\' - He, (9.10) 
where the extended Hamiltonian Ti^ is given by 

He = v^r'^JH + KjJ'^'didkHXK (9.11) 

The extended Lagrangian first appeared in the path integral approach to classical mechanics |13l 114) . 
where the classical analogue of the quantum generating functional was considered: 



ZcM [J]=N Dz5[z{t) ~ z,i{t)] exp 



dtJ4) 



(9.12) 
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The delta function here constrains all possible trajectories to the classical trajectory obeying (|9.2|l . It can 
be written as 

S [z{t) - = S [z' - fl'^djH] det [6}dt - ^'^dud-jH] . (9.13) 

The delta function on the right side can be expressed by a Fourier transform 



and the determinant can be written in terms of Grassmann variables as 

det [5]dt - n'^dkdjH] = j DX'Dd exp - j dtC, [5]dt - n'^dkdjH] \^ 
so that ZcM [0] becomes 



ZcM [0] = / Dz'Dy.DXWC, exp 



(9.14) 



(9.15) 



(9.16) 



The important point is here, that the path integral formalism of classical mechanics gives the fermionic 
basis vectors of geometric algebra the physical interpretation of ghosts. On the other hand the superanalytic 
formulation of geometric algebra has naturally the fermionic structures that in the conventional formalism 
have to be added ad hoc and per hand. 

The 2* and d form together with the newly introduced variables yi and A' the extended phase space. On 
this extended phase space one can then introduce an extended canonical structure. This can easily be done 
in analogy to the Moyal and the Clifford star product structures of the phase space. Defining the extended 
Moyal-Clifford star product as 



F *EMc G = F exp 



i_ _d d d d_\ 1 _d d_ _d d_ 

2 \ dzf^d^k~Wkd^] ^ 2 1 ^ac^ + aa^A^ 



G 



the extended Poisson bracket has the form 

1 



{F,G} 



EPB 



(9.17) 



(9.18) 



where e{F) gives the Grassmann grade of F. In the bosonic part of the extended Glifford star product a 
factor h can be included like in the Moyal product, so that in the definition of the extended Poisson bracket 
()9.18() the limit ft ^ has to be taken. The extended canonical relations are then given by 



EPB 



and 



{C^,^}EPB = -^l 



(9.19) 



while all other extended Poisson brackets vanish. Furthermore one can calculate the equations of motion as 



z' = {z\nE}EPB^^''d,H, 

C = {C^.nE}EPB = -^'''^k^^HCJ, 

m = {y^, nE}EPB - -z,n^''dkd,H - ic^n^'dkmnx', 

x" - {x\nE}EPB = ^''djdkHxK 



(9.20) 
(9.21) 
(9.22) 
(9.23) 
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The extended Hamiltonian also generates the time development of r-vectors and r-forms according to |17| 

X = = {X, He}epb ■ (9.24) 

Having now a superanalytic formalism for classical mechanics that takes into account active and passive 
time development, one can ask if there is a supersymmetry in this formalism, i.e. a symmetry that relates 
the bosonic coefficients with the fermionic basis vectors. This supersymmetry was found by Gozzi et al. in 
There was shown that He is invariant under the following BRST-transformation 

fc'= = eA^ SCk^ieyk, SX'' = Syk = (9.25) 
and the following anti-BRST-transformation 

Sz'' ^ -en'^^Ci, SX'' ^im'^^yi, <5Cfe = % = 0, (9.26) 
where e and e are Grassmann variables. These symmetries are generated by 

QBBST = yj^^ and Q^j^ = (^^n^'^yf. (9.27) 

according to 6X — {X, sQbbst + ^Q brst }epb- The two charges Qbrst and Q ebst are conserved, i.e. 

{Qbrst^'^e}epb = {Qbr.st^'^e}epb = (9.28) 

and fulfill 

{Qbrst^ Qbrst) epb = {Qbrst^ Qbrst) epb = {Qbrsti Qbrst}epb = 0. (9.29) 

10 Poisson Vector Manifolds 

A vector manifold M with a bivector J (a;) = ^J^-'^i^j and 

J'^da''^ + J^'^d^f^ + ,r^d,.P'' = (10.1) 

is a Poisson vector manifold, where (|10.1|) can be written with (|3.24|) as [J, J]^^^ = 0. The bivector J defines 
as discussed above a map from T^M to TxAI by a'' = J • a = .P^aj^.^, where a — a.i^'' is an element of 
TxM. Especially the hamiltonian vector field H8.9|l can be expressed as 

fiH = LdHJ = J dH (10.2) 

and the Poisson bracket as 

{F, G}PB = idFdGJ = (dCdF) ■ J, (10.3) 
so that the hamiltonian vector field hn can be defined for all scalar functions F as 

hH-dF^{F,H)pB. (10.4) 

Equating (|8.11|) and (|10.3|) shows how Vl and J determine each other: 

{hGhF)-n = {dGdF)-J. (10.5) 
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Since a Poisson manifold can be odd-dimensional, the hamiltonian vector fields do not span in general the 
tangent space of the Poisson manifold. This suggests to define the range ran(J(a;)) of J{x) as the span of 
all tangent vectors that can be expressed as for a one- form a G T^M. The range of J(£c) is also the 
span of all hamiltonian vector fields at x. The dimension of ran(j(£c)) is the rank of the Poisson manifold 
in X and equal to the rank of the matrix J*-' , which is an even number because of the anti-symmetry of J*-' . 
The even-dimensional vector space ran(J(a;)) is then the tangent space of a symplectic leaf in the point x. 
The Poisson manifold is foliated by these symplectic leafs. Only when the rank of a Poisson manifold M is 
everywhere equal to dim(M) the Poisson manifold itself is a symplectic manifold. 

The formalism developed so far can now directly be generalized to multivectors, which leads to Poisson 
calculus (see and the references therein). The r- vector that corresponds to an r-form is given by 



and in analogy to (|4.53|l one has Iai,^)B[s) — v4('') • -B(s), so that 



OLi...a.r ■ (A^'^y = {-IYol\ . . . a^ A^. (10.7) 
It is then also possible to define a Poisson bracket for one-forms by 

{a.,l3}pB = - -^p^OL + d{{(3a) ■ j), (10.8) 

so that {q:,/3}p^ — [ot\ (3^] jj^g. With this Poisson bracket one can further define an exterior differential d 
in analogy to 14.54|l as 

r+l 

{aia2 ■ ■■otr+i) ■ 'i^(r) = ^{-'^V^^ioii ■ 9) (ai ...«„... a^+i) • ^(r) 

n=l 
m<n 

which can also be written as dAj^) = [j, A^^)] 

The easiest non-constant Poisson tensor fulfilling (|10.1() is a linear tensor 

Jy(a;) = C^^x^ (10.10) 

where the antisymmetry of J'^ and HlO.lfl ensure that the C^"* are structure constants of a Lie algebra. The 
corresponding Poisson bracket is the so called Lie-Poisson bracket 

{F, G}lpb = Cl'x'^d^FdjG. (10.11) 

The most fundamental example is the Lie-Poisson structure on q* . For this purpose one considers the bivector 
space spanned by the basis bivectors with bivector algebra Ht).2|) and its reciprocal basis with two-forms 
0*, i.e. Bi ■ <d^ = Sf. For scalar-valued functions F and G of general two-forms 8 = 6*^0* a Lie-Poisson 
bracket is given by 

3F BG 

{F, G}lpb{Q) = — — = (dF X dG) • e, (10.12) 
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where d is the exterior differential in the bivector basis: d = Bj^. fn the S'0(3)-case, where 8* = the 
Lie-Poisson bracket can be written as 

{F, G}lpb(B) = B • ((/(3) d)F X (/(3) *c d)G) = B ■ (dF x dG) . (10.13) 

The symplectic leafs induced by the symplcctic foliation with the Lic-Poisson bracket on q* are the orbits 
of the coadjoint action of the corresponding group G on q* . This can be seen if one considers a scalar linear 
function H{Q) = B • = b^9i on g* with dH = B. For the Lie-Poisson bracket one has then for any scalar 
function F on q*: 

{F,H}lpb{Q) = (dF xdH)-e = -(B X dF) • e ^ -(adedF) • 9 = -dF - ad^O. (10.14) 

On the other hand one can define in analogy to 1)10. 4|l the hamiltonian bivector field hn of the Hamilton 
function H{<d) as 

hHie) - dF = {F,H}LPBiei) ^ (dF x dH) ■ ^ -ad*e • dF, (10.15) 

so that hij(8) = —ad^j^Q. This means that the hamiltonian bivector fields iin that span the tangent space 
of the symplectic leaf are, up to a sign, the generators of the coadjoint action determined by B. If 6 varies 
now over the coadjoint orbit one can define a skew-symmetric bilinear form on the orbit by 

Oe(adAe,ad;e) = AlTB-e, (10.16) 

which defines on the coadjoint orbit a symplectic structure, that is the restriction of the Lie-Poisson bracket 
to the orbit [201 • ^^e can be seen as a generalized antisymmetric tensor of the form (|4.76|) that maps two 
bivectors into a scalar. 

Of special interest is the hamiltonian action of a rotor on a Poisson vector manifold. The aim is to find 
the Hamilton function Pb of the vector field B • x, that is induced according to (|6.15|) by the rotor left-action 
with bivector B, i.e. 

hp^=B-x. (10.17) 
Since hp^ ■ dH = {H, Pb}pb, it is possible to write the defining relation for Fb as 

{H,PB}pB = {B-x)-dH, (10.18) 

for all scalar functions H. Furthermore one has for two bivectors A and B with (|8.12|) and Ht).16|l 

V«,Pb}.b =^P.xB- (10.19) 

While in the symplectic case a symplectic vector field is always locally hamiltonian, in the Poisson case 
an infinitesimal Poisson automorphism is in general not locally hamiltonian. This means that if the rotor 
left-action is canonical, i.e. J^b xJ = 0, there does not exist in general a function Fb, that fulfills H10.17I) . The 
additional condition that B • a; is also hamiltonian can be expressed with the momentum map. A momentum 
map is here a two-form H(a;) with 

iBH = B-H = FB. (10.20) 

So if the hamiltonian vector field h p^ corresponding to the function Fb = B • H is the same as the vector field 
B • X induced by the rotor left-action, i.e. if one has /ig-n = (J • d) • (B • H) = B • a;, then H is a momentum map. 
If a momentum map of a rotor action exists and H is a Hamilton function that is invariant under the rotor 
action, then equation Hl().18(l reduces to {H, Fb}pb = and the momentum map is a constant of the motion 
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described by H. This follows because {H, Pb}pb = means that Pb is constant along the hamiltonian flow 
of H, which must then also be true for the left hand side of H10.20|l . i.e. for 11, because B is constant. This 
is the Noether theorem in the Poisson case. 

If a hamiltonian action of a rotor group on a Poisson vector manifold is given, there are scalar functions 
Pb; on the Poisson manifold with {Pi,Pj}pB ~ —CfjPk and [hp.,hp.]^ = C^jhp^, that generate the 
hamiltonian action. The momentum map is then 

n(a;) = PB.(a;)e*. (10.21) 

A momentum map Tl{x) that is determined by a hamiltonian group action is equivariant, i.e. it respects the 
rotor left-action on the vector manifold: 

U{R*cX*cR)^R*c^(x)*cR, (10.22) 

which can also be written as 

Ad^ • n(P *c x*aR)^ PAdnBiR *c X *aR) ^ Pb{x) = B ■ n(a;), (10.23) 

To see that the momentum map (|1U.21|I is equivariant, it suffices to show the infinitesimal version of I|1U.22I) . 
namely {hp^^ ■ <i)PB;9* = B^ x H, which immediately reduces to -C^jPb^Q'' = Pb.C]j^^8''. 

Infinitesimal equivariance [201 implies that Paxb = {Pk, Pb}pb- Then it is easy to see that equivariant 
momentum maps are Poisson maps, i.e. for scalar-valued functions F and G on g* one has 

{F, GjLPBmx)) = {F{U(x)), G{Il{x))}pB. (10.24) 

To prove this one shows that the left hand side of H10.24II can be written as 

{P, G}LPB{n{x)) = dP X dG • n(a;) = P^FxiG = {^dc, Pd//}ps, (10.25) 

where one uses in the last step infinitesimal equivariance. The right hand side of H1U.24I) gives the same 
result: 

{F{n{x)),G{U{x))}pB = r^d,F{n{x))djG{U{x)) = r'd.P^pdjP^G = {P6.f. Pdclps, (10.26) 

with diF{Jl{x)) = dP • diR{x) ^ di {dF ■ U{x)) ^ d^PiP- 

A special case for a momentum map is the momentum map of the cotangent lift of a rotor action on a 
vector manifold q — q°-{q^)(Ta. In order to find this momentum map one first states that it is possible to find 
for a tangent vector field a{q) = a^^fo-Q a function Pa{q^,Pi) = Pa{q + tt) on the cotangent bundle, which 
is given with the projection operator (|8.16(l as: 

Pa{q\p^) = TiTgia) ■{q + 7z) = a'Cj-Ta ' (gVfc + pfc^b T*-) = ai{q')pj. (10.27) 

These functions form an algebra on the cotangent bundle, i.e. {Pa, Pb\ pb = ^P[a.b\ ■ The rotor action 

1b 

of a rotor R(t) = ei^ on the vector manifold q induces a flow q{t) = R(t) *c q i=c P(i) and a tangential 

vector field b = 'B ■ q. The inverse cotangent lift of this rotor action is 

(q + 7v){t) = Piiftod(-t) *c {q + tt) *c R\mcd{-t) = R\iitcd{t) *c [q + tt) *c i?iiftcd(i), (10.28) 
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which induces on the cotangent bundle a tangent vector field bufted = Bnfted • (g + t). The vector field buftod 
is then the hamiltonian vector field of Pb, i-e. buftod = ^Pi,- This can be proved very easily if one considers 
that the cotangent lift of a rotor action leaves the canonical one-form invariant, i.e. ^bim^iS = 0. Cartan's 
magic formula (|4.55(l gives then 

^lifted ■ ^ = -i^bnitad^S = rf'^biittod^ = '^(f'liftod ' 6)- (10.29) 

On the other hand one has with 18.14|l and (|8.16() 

biiftcd • e{q + tt) = T7rq(biifted) • tt = TTTq{b) ■ n = Pb{q + n). (10.30) 
Putting this into p0.29|l gives 

butted- n = dPb, (10.31) 

which shows that buftod is the hamiltonian vector field of P5 . 

The momentum map of the cotangent lift of a rotor action on the vector manifold q is then given for 
b = B • q by 

B • n(q + tt) = T7rq(B ■ q) ■ (q + tt) = Pb{q + tt). (10.32) 
Moreover this momentum map is also equivariant: 

B • n(i?iifted *c {q + tt) *c i?iiftod) = TTTq (b ■ {R *c q *c R)) ■ (i?iiftod *c [q + tt) *c i?liftcd) (10.33) 

= r^q(Ad-^B-q-) • (q + Tr) (10.34) 
= Ad=B-n(q + 7r). (10.35) 

A simple example is the action of the rotation group on a three dimensional euclidian vector space with 
vectors q = q^rj^ for i — 1,2,3. The tangent bundle is then a six dimensional euclidian vector space with 
vectors q + tt = g'rjj + PiP^ and a canonical symplectic structure = rj^p^. A rotation on the q-space 
is generated by the bivectors B^ = ^eijkijjTji^. For example a rotation around the rjg-axis is generated by 
B3 = T]iri2 and the corresponding vector field is bg = B3 • q = <z^i7i — q^'n2- The lifted rotation is a rotation 
that acts in the p^-space just the same way as in the r/^-space, the lifted generator is then Bjj'^*"'* = t7iT72+P^P^ 
and the corresponding lifted vector field is given by 

^lifted ^ gliftcd . (q + ^) = q^rj, - q^ri2 + P2P' - PiP^- (10.36) 
The Hamilton function Pb^ that generates this vector field fulfills bij'^*'^'* • 51 ~ dP^^ or 

which is solved by the angular momentum function. The angular momentum functions Pb, = s^jq^'Pk 
are the generators of the active rotations, that rotate the just as the pi coefficients. They form the 
algebra {Pb- , Pb^ }pb = SijkPBk i so that there is a hamiltonian action of the rotations on the six dimensional 
symplectic space. The momentum map Il{q^,pi) — Pb {q^,Pi)Q-' is just the angular momentum bivector 
L = qp and connects the generators of the active and passive rotations. 

Another simple example is the circle action of on 25 . The two-dimensional sphere x{6,ip) = 
sin cos (y9(Ti + sin0sin(/3cr2 -l- cos ^crg is a symplectic vector manifold with the symplectic two-form 

n = xW-"^ +a;W2|g2 = sin6'^''|'^, (10.38) 
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which is the volume form on the S'^. A left rotation around the cr^-axis is generated by B = — 0-10-2 and 
induces on S*^ the vector field 

B ■ X = sin 6* cos ((5(T2 — sinO s'mipai = d^pX = (10.39) 

The Hamilton function Pb that generates this vector field fulfills according to H8.8|l the equation ^^-ft = dP^ , 
or 

- sin^C' = ed^PB + C.'dePB, (10.40) 

which is solved by Pb — cos 6 = x^. 

Applying now the concepts discussed so far to the cotangent space of a group manifold T*G, which is a 
vector manifold with vectors r + 1?, one arrives at the Lie-Poisson reduction ^26 . As seen above the rotors 
act on the group vector manifold with a left translation £ji which induces the tangential maps Tin and T*£ji. 
A scalar function F{r + ■&) = F{R, R) on T*G is left invariant if P o T*£ii — F. Such left invariant functions 
can be identified with reduced functions on g, i.e. F{r + 1?) = F{R, R) = F{1, R*c R) = where R*c R 

is an element of the bivector algebra that can also be expressed in the dual basis. This reduction can now 
be described with the momentum map 11 : T*G — > g*, i.e. F{r + — /(n(r + -&)). One has then a Poisson 
map between the Poisson bracket of left invariant functions on T*G and the Lie-Poisson bracket of reduced 
functions on q* . In this way a left invariant Hamilton function on T*G induces a Lie-Poisson dynamic on 
Q* . This will be explained for the example of the rigid body in the next section. 



11 The rigid Body 

The rigid body is an example where the formalism described above can be shown to work very effectively. 

If one considers a free rigid body K in a three-dimensional ambient space spanned by the basis vectors cTq 
and a body- fixed coordinate system ^j(i), a point of the body in the ambient space is given by 

x{t) = R{t) *a XB *cRit), (11-1) 
where xg is the vector in the body-fixed system. The velocity is then given by 

X = R *c xb *c R + R *c *c R (11-2) 

= R*c {R*c R*c xb - xb *c R*c R) *c R (11-3) 

= R *c R *c X — X *c R *c R (11-4) 

= 2{R*cR)-x, (11.5) 

using R *c R — ^ => R*c R + R *c R = 0- And for the body-fixed velocity one obtains 

xb = R *c X *c R = 2(i? *c R) - xb- (11-6) 

On the other side one has x = iv x x, where a; is the axial vector of angular velocity. Using that the vector 
cross product can be written as a x 6 = — (/(3) *c a) ■ b this leads to 

X = -{1(3^ *c ^) - X = -VI ■ X, (11-7) 

where 

V = -2R*cR = I{3)*ci^ (11-8) 
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is the angular velocity bivector that generates the rotation. Equation (|11.8|) can be rewritten to obtain the 
rotor equation 

R = -Ui*cR, (11.9) 

which integrates for constant angular velocity to R = e^^^ . With the angular velocity bivector (|11.8() one 
can also write (|11.7|l as 

X = {R* 

c *c R) • W — i? *c (aJe • Wg) *c R, (11.10) 
where Vli^ = R*c^ *c R ~ —2R *c so that the rotor equation becomes R = —^R *c Wg. 
The angular momentum bivector is given by 

L = j d^xp{x)xx^ j Sxbp{xb){R*cXb*c~R){R*c{xb-'^b)*c^) (H-H) 

xb{xb ■ Wg)^ *c R = R*c I(Wb) *c R, (11-12) 
where the bivector- valued function of a bivector 

1(B) = J d^xB p{xb) xb{xb ■ B), (11.13) 
corresponds to the inertial tensor. The equation of motion of the free rigid body can be obtained from 

= L = 7? *c l(Wf3) *c^ + ^*c l(Wf5) *c^+-R*c I(%) (11-14) 
= i? *c (l(Wf3) - Wg X l(We)) *c- R (11.15) 

as I(Wb) — Wb X I(W/5) — 0, which are the Euler equations. 

The other possibility to derive the equations of motion is to use the Lagrange or Hamilton formalism. 
The kinetic energy of the free rigid body can be written with (|11.6I) as 

T = ^Jd''xBp{xB)\2(R*cR)-XB\^ (11-16) 

= ^ J d^XBp{xB)\VB-XB\^ (11-17) 

= ^Wi-l(We) (11.18) 

= iw-L. (11.19) 

Equation H11.16|l is the left invariant Lagrangian L{R, R) and H11.18|l the reduced Lagrangian /(Wg) of the free 
rigid body. This means that the dynamics is transferred by Hll.l|l from the vectors x{t) to the rotors or the 
generating bivectors, i.e. one considers the dynamics on the rotor group or the bivector algebra respectively, 
which is the same idea that underlies the Kustaanheimo-Stiefel transformation. 

The question is now how to vary the corresponding Lagrangians. In analogy to the matrix representation 
one has 

S\iB^S{-2R^cR) = 2R*c5R*cR*c R~2R*c5R (11.20) 
= -R*c SR*cVb -2R*c SR (11-21) 
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and defining the bivector B = 2R *c 5R so that 

B = Wg *c + 2!R*c <5i?, (11.22) 

one obtains 

(5Wf3 = -B + X B. (11.23) 



The variation 



= 51{^b) = 5 j dt iwg ■ I(Wg) = / / '^^^^ P^^'^^ ^^'^ ' [^^(^^5 ■ ^^5)] (11.24) 



dtl(WB) • (-B + Wg X b) (11.25) 

= y"dt [i(Wb) + I(Wb) X We] -B, (11.26) 

leads then again to the Euler equations, where one uses in (|11.24ll 

% • [xb{xi3 ■ 6Vb)] = 5^ ■ [xb{xb ■ We)] (11.27) 

and in (|11.25|) equation pi.23|) . 

So given a left invariant rotor Lagrangian L{R, R) and its reduction to the bivector algebra ^(Wg), the 
variation of L{R, R) corresponds to the variation of 1(Vb) for variations (5Wg = — B + Wg x B, where B is 
a bivector that vanishes at the endpoints. The Euler-Lagrange equation for the rotor corresponds to the 
bivector equation 

d SI SI , ^ „„, 

^1— ^Wgx— . 11.28) 
dtS^^B S^B 

The Euler-Poincare reconstruction of the rotor from the bivector can then be done with the rotor equation 
and in a last step the dynamics x{t) is reobtained by Hll.l|l . 

In the Hamilton formalism the analogous construction is called Lie-Poisson reduction and can also be 
done in the rotor case. The Hamiltonian (|11.18|) of the free rigid body can be written as 

2 \ h h h ) ^ ' 

With the Lie-Poisson bracket (|10.13|l 

{F, G}LPB(Le) = Li • ((/(3) *c VF) X (7(3) VG)) - • (dF X dG) (11.30) 

the Euler equations are obtained by Lbi = {iz3i, H}lpb- They preserve the coadjoint orbit, i.e. the Casimir 
function |LbP is a constant of motion: {(igi + + ^ea)' H}lpb = 0. The conserved quantity that results 
from the left invariance is the angular momentum, which follows from the calculation in (|11.14|) and H11.15|) . 

The procedure described above is the bivector version of the Poincare equation 3D) . In order to derive 
the Poincare equation one considers a vector manifold x{<f) with coordinate basis vectors = diX and 
non-coordinate basis vectors 'dr = "^l-^i- For a scalar-valued function f{q''{t)) on a trajectory q{t) = x{q^{t)) 
one has ^/ = q^dif. In the non-coordinate basis the coefficients are = so that ^ = s^dr- On the 
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other hand the variation of the trajectory q{t) — q{t,u — 0) is given by Sq'^ — ^ |„_q ^'(i) — w*, where 
the coefficients in the non-coordinate basis are — -d^w^ . From the condition that the operators 



d 
di 



s ■ d — s^dr 



and — = w ■ d = w^dr 
du 



commute it follows that 



d d 
— s — — ' 
du dt 

This equation can now be used for varying the Lagrange function L{q'^{t, u), s'''{t, u)): 



dq"- du ds' \dt ^* 



dt 



M = 

d f dL 



„ ^ dL d dL 

drL + -—s'CL - -r-^r— ] w + — \ t;— w 

ds" dt ds'' / dt\ ds-r 



from which the Poincare equation follows: 



d dL _ dL_ ^ 



s'CL = drL. 



(11.31) 
(11.32) 

(11.33) 
(11.34) 

(11.35) 



If the configuration space is a rotor group the Lagrange function is L = L{R, R) and one has to vary 
R{t, u). Instead of vectors s and w the variations are described by bivectors 



s = 2R *c R and w = 2R *c SR, 
so that the operators (|11.31() are now expressed as ^ = s • d and ^ = w • d. It follows further that 

ds — _ • _ . 1 _ . 

— = -2R*c SR*c R*c R + 2R*c SR = — w*cS + 2R*cSR, 
du 2 

^ = -2R't^c R^cR'^c SR + 2R*c SR = -^s + '2R*c SR. 
Equating the expressions for 2R *c SR gives the bivector analog of H11.32(l : 



— — s = — w + s X w, 
du dt 

so that the variation of the action 



dt SL 



dt 



r SL f d 
w • dL + — ■ — w + s X w 
OS \ dt 



d SL 6L 



u=0 
d 



6L 



(11.36) 

(11.37) 
(11.38) 

(11.39) 

(11.40) 
(11.41) 
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leads now to the bivector version of the Poincare equation 



d 5L 5L ^ 



In the same way the Hamilton formalism is transferred from the vector to a bivector basis. The Hamilton 
equations i' = {z'^,H}pb in the bivector case, i.e. for a Hamilton function H{z) with a bivector z = z'^Bi 
are obtained by using the Lie-Poisson bracket instead of the Poisson bracket. In the so(3)-case the Hamilton 
equations read then 

z = z X di? = -adlffZ. (11.44) 



Conclusions 



Comparing classical and quantum mechanics there arc two formal breaks. The first one is that classical 
mechanics is formulated on the phase space, while quantum mechanics is formulated on a Hilbert space. 
This formal break is overcome by the bosonic star product formalism that describes quantum mechanics on 
the phase space. The second formal break is that classical mechanics is formulated conventionally in the 
Gibbs-Heavyside tuple vector formalism, while in quantum mechanics one is using actually a Clifford calculus 
in order to take care of the spin degrees of freedom. The Gibbs-Heavyside tuple formalism ignores the basis 
vectors and their naturally given Clifford structure. Unfortunately the basis vectors and their algebraic 
structure play an essential role if there is curvature or non-commutativity. And so the basis vectors had to 
be reintroduced in the formalism a posteriori which then naturally leads to a multivector formalism. The 
basis vectors appear for example as Dirac matrices, as differential forms or as Grassmann numbers. These 
different formalisms are notationally inconsistent and incomplete. For example exterior calculus is restricted 
to homogenous multivectors and in superanalysis there is no Clifford structure. In the case of Dirac matrices 
sticking to a tuple formalism has the disadvantage that one has to construct an unphysical spinor space 
in which the Clifford structure is represented by matrices. A complete Clifford multivector formalism was 
on the other hand developed physically in the context of Dirac theory by Hestenes and Kahler and in the 
context of phase space calculus by Gozzi and Rcuter. The full multivector formalism can now be described 
with the star product formalism as deformed superanalysis and so a formal supersymmetry is introduced in 
the formalism. The combination of star products and geometric algebra leads to a formalism that unifies the 
different geometric calculi on commutative and noncommutative spaces, on flat and curved spaces, on tangent 
and cotangent spaces and on space-time and phase space. The combination of the star product formalism 
with geometric algebra can be seen as a program for a formal unification of physics. The consequences of 
this program on space time and phase space will be discussed in forthcoming papers. Especially it will be 
shown how constraints fit into this context. 
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